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^ ■ ABSTRACT 

O' 

^ ! The {2k + 2)-dimensional Einstein- Yang-Mills equations for gauge group 

\0 : S0{2k) (or SU{2) ioi k = 2 and SU{3) for k = 3) are shown to admit 

^ ' a family of spherically-symmetric magnetic monopole solutions, for both 

zero and non-zero cosmological constant A, characterized by a mass m and 
a magnetic-type charge. The k = 1 case is the Reissner-Nordstrom black 



D , hole. The k = 2 case yields a family of self-gravitating Yang monopoles. 

"^ ' The asymptotic spacetime is Minkowski for A = and anti-de Sitter for 

A < 0, but the total energy is infinite for k > 1. In all cases, there is an 

^ ■ event horizon when m > rric, for some critical mass rric, which is negative 

j^ ■ for k > 1. The horizon is degenerate when m = rric, and the near- horizon 

solution is then an adS2 x S'^'^ vacuum. 
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1 Introduction 

In 1977 Yang found a spherically-symmetric solution of the 5-dimensional Euclidean 
SU(2) Yang-Mills (YM) equations that provides a natural generalization of the Dirac 
magnetic monopole solution of Maxwell's equations in 3 space dimensions p. Just 
as the Dirac monopole is a point singularity in 3-space for which the integral of the 
magnetic 2-form is non-zero over any 2-sphere enclosing the singularity, so the Yang 
monopole is a point singularity in 5-space for which the integral of tr(F A F) is non- 
zero over any 4-sphere enclosing the singularity, where F is the su(2)-valued YM 
2-form field-strength. Just as the Dirac monopole is effectively a homogeneous and 
isotropic Maxwell field strength on the 2-sphere, so the Yang monopole is effectively 
a homogeneous and isotropic SU{2) instanton on the 4-sphere |2]. There are several 
important differences, however; for example, whereas Dirac's monopole charge can be 
any multiple of a fundamental unit, Yang's monopole charge has a fixed magnitude 
and only its sign can be freely chosen. In recent years, the Yang monopole has 
attracted the attention of condensed matter theorists because of its relevance to the 
4-dimensional Quantum Hall Effect [2]. This application has led to the construction 
of some analogous higher-dimensional Yang-Monopole-type configurations [H El El 13 
ISl E], which are effectively conformal maps to even- dimensional spheres of higher- 
dimensional instantons fOl El E] • 

Neither the Yang monopole nor its higher-dimensional analogs have yet had much 
impact on particle physics, presumably because of the infra-red divergent magnetic 
field energy, as against the ultra-violet divergent energy of a Dirac monopole. An 
ultra-violet divergence can be removed by a cut-off that has no effect on low-energy 
physics, but an infra-red divergence is more problematic. However, infinite-energy 
'solitons' are now commonplace in string/M-theory studies because there is often a 
physical interpretation in terms of branes. In addition, it has recently been suggested 
that the endpoint of an 5*0(32) heterotic string could be viewed as a kind of higher- 
dimensional monopole ^Hl- For the Yang monopole itself, the energy within a volume 
of radius r diverges linearly with r, suggesting a possible interpretation as a 'splayed' 
string. In confirmation of this interpretation, we note that the YM flux would get 
confined to an instanton flux tube in a Higgs phase, with a Yang-type monopole as its 
endpoint, just as the magnetic flux of a Dirac magnetic monopole would be confined 
to a magnetic flux tube in a superconducting vacuum. 

These considerations suggest that the Yang monopole, and its higher-dimensional 
analogs, deserve further study. One purpose of this paper is to present a construc- 
tion of Yang-type monopoles in E^'^^^ for gauge group S0{2k). The construction 
is similar, but apparently not identical, to other constructions that have appeared 
previously in the physics literature; from a purely mathematical perspective, it has a 
straightforward generalization to homogeneous YM fields on homogeneous Einstein 
manifolds, but the physical interpretation of such 'generalized monopole' solutions 
remains to be explored. For k = 1 the construction yields the Dirac monopole and for 
k = 2 it yields a superposition of Yang monopoles in each of the two SU{2) factors of 
5*0 (4); one may consistently truncate to a Yang- monopole solution of the SU{2) YM 
equations. For k = 3 one may consistently truncate to an SU{3) subgroup of 5*0 (6). 
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For k = 4 the construction yields what could be called an "octonionic monopole" 
solution of the S0{8) YM equations; this configuration was found in [B] but it was 
not appreciated there that it solves the YM equations. 

All these solutions of the Euclidean YM equations can of course be viewed as 
static spherically-symmetric solutions of the YM equations on {2k + 2)-dimensional 
Minkowski spacetime, and another purpose of this paper is to obtain the correspond- 
ing static solutions of the coupled Einstein- YM equations. Our starting point for this 
purpose is the Lagrangian density 

_^(fl-2A)-^tr|Fp]. (1,1) 

where F is the field-strength for a YM theory with coupling constant 7, and g is the 
metric of a {2k + 2)-dimensional spacetime, and A is the cosmological constant. Our 
principal interest is in the k > 1 cases, and we find a self-gravitating Yang monopole 
for k = 2, and investigate its global geometry. The k > 2 self-gravitating "Yang-type" 
monopoles are found to have similar properties. It turns out that spherical symmetry 
allows a family of self-gravitating solutions, parametrized by a mass m. For positive 
m there is an event horizon that 'clothes' a spacelike singularity and for A = one 
can view the resulting solution as a 'Yang-monopole black hole' in the sense that the 
spacetime is asymptotically flat, albeit in a 'weak' sense, since the total energy is 
infinite. For A < the solution is asymptotically anti-de Sitter (adS) in the same 
sense. 

For A = we present details of the global structure as a function of m. A 
peculiarity (for A; > 1) is that the absence of naked singularities is compatible with 
negative m, for which the singularity is timelike. Specifically, there is a negative 
'critical' mass rric such that for > ??7, > rric there is both an inner (Cauchy) horizon 
and an outer (event) horizon; the global structure in this case is similar to that of 
the Reissner-Nordstrom (RN) black hole. When m = rric, the two horizons coincide 
to form a degenerate event horizon, like that of the extreme RN black hole. Just 
as the near-horizon limit of the extreme RN black hole yields the Robinson-Bertotti 
adS2 X S"^ vacuum of the 4-dimensional Einstein-Maxwell theory, so the near-horizon 
limit of the extreme self-gravitating Yang-type monopole yields an 0^5*2 x 5'^'^ vacuum 
of the {2k + 2)-dimensional Einstein- YM theory. For k = 2, this type of vacuum has 
been discussed previously under the rubric of "instanton-induced compactification" 
[Tij . but the k > 2 cases yield Kaluza-Klein vacua that, to our knowledge, have not 
previously been considered. In any case, this type of vacuum may now be seen as 
a limit of a more general solution, just as many of the adS vacua of supergravity 
theories can be viewed as limits of brane spacetimes jTH] . 

For A < 0, the global structure is more complicated but similar for large adS 
radius. The spacetime is weakly asymptotically anti-de Sitter, because the metric 
tends to the adS metric but too slowly for the adS energy to be finite. Nevertheless, 
the adS boundary is an 5'^'^ x 5*^ spacetime, in which the 2/c-sphere has a background 
trF"^ magnetic field (or a uniform Maxwell magnetic 2- form F in the k = 1 case). 
But this is precisely, the vacuum of a quantum Hall system, so it is natural to con- 
jecture that quantum gravity in a weakly asymptotically adS background is dual to a 



noncommutative Quantum Hall theory. A boundary field theory at zero temperature 
would require a {2k + 2)-dimensional 'bulk' solution with a degenerate event horizon, 
but there always exists such a solution. 

We should point out that self-gravitating Yang-type monopoles differ in essential 
respects from the 'monopole' solutions of the Einstein- YM equations found numer- 
ically by Bartnik and McKinnon ^^, and extended to the asymptotically anti-de 
Sitter case and higher dimensions in ^21- In our notation, this type of self-gravitating 
'monopole' would be a solution of S0(2k + 1) YM equations in a (2/i; + 2)-dimensional 
spacetime, for any integer 2k. These solutions are such that the field strength has 
components in the radial direction, as well as on the 2k-spheTe. The absence of 
such radial components is presumably the difference that makes the self-gravitating 
Yang-type monopole equations tractable analytically. 

2 Preliminaries 

The Euler-Lagrange equations for the Lagrangian density (ll.lj) consist of the source- 
less YM equations in a general (2/c+2)-dimensional spacetime, and Einstein equations 
for the metric of this spacetime with a YM source. The YM potential 1-form can be 
written in coordinates {x™"; m = 0, 1, . . . 2A; + 1} as 

A = dx"'AlT,, (2.2) 

where the matrices T^ span a representation R of the Lie algebra of the (semi-simple) 
gauge group G. If fab^ are the structure constants of the algebra then 

[T,,n]=tfab'T,. (2.3) 

We assume that R is the fundamental representation and adopt the normalization 
convention 

2tr (TaTb) = 5ab . (2.4) 

In particular, for G = SU{2) we have Ta = era/ 2, where Ca (a = 1, 2, 3) are the Pauli 
matrices. The YM equation is 



d^^- det g F'"" = t^- det g [A^, F^ , (2.5) 

The Einstein equation is 

Gmn = (8vrG)Tm„ — gmn^, (2-6) 

where the YM stress tensor is 



-^ mn T 



-2 



tr (^r m f npj . gmn^r \f pq-t* ) 



(2.7) 



For notational purposes it is convenient to consider the corresponding quadratic dif- 
ferential T = Tjnn dx"^dx"'. 



We seek spherically-symmetric solutions of these equations for which the space- 
time metric takes the form 

ds^ = -Adt'^ + A~^dr^ + r^dQli^ (2.8) 

for some function A(r), where dQ^k is the S0{2k — l)-invariant metric on the unit 
2/c-sphere. These Schwarzschild-type coordinates are useful for many purposes, but it 
simpler to present the solution for the YM potential in terms of isotropic coordinates 
for which 

ds'^ = -fdt^ + cu^ [dp2 + p^rf^sfc] (2.9) 

for functions 

/(p)=A(r(p)), ^(p)=r(p)/p, (2.10) 

where r{p) is found by solving the differential equation 

dr dp 



rx Air) P 



2.11 



We shall find it convenient to introduce coordinates {ra*; i = 1, . . . , 2k} for S'^'^ such 
that 

dnlf^ = hijdn'dn^ (2.12) 

where 

Note that these coordinates cover only one hemi- 2/c-sphere and are singular on the 
equatorial {2k — l)-sphere at ra^ = 1. The volume form on S"^^ in these coordinates is 

vol{S''^) = (1 - n^)-^-dn^ A ... A dn^^ . (2.14) 

3 The Yang monopole 

We now review the Yang-monopole solution for A; = 2 in a way that will also allow 
preliminary consideration of the k > 2 case, which we take up in the following section. 
The Yang monopole has 1-form potential 

Sji n^dn^ 
A= '^ , 3.15 

1 + VT^^ 

where 

^v=vtjTa (3.16) 

for constants r^^^- satisfying 



Using this relation, it can be shown that the only non- vanishing components of F are 

fV^E,-2 '-fff ^ . (3.18) 

We also record here that 

r= ^ p-'h''h^'F,i = p-' S,, + 2 J ^j^ . (3.19) 

Using ()3.17|) again, it may be verified that 

{Vd^y^d, (Vd^F*^) = -i[A, F'^] = ^^ ^^ll^, : rifc S,fc , (3.20) 

^ ' (1 + Vl — n'^jp 

and hence that the YM equations are satisfied. This result is conditional on the 
existence of an constant "?7-tensor" satisfying ()3.17|) but this is satisfied for k = 2 
and gauge group SU{2) by the self-dual 't Hooft tensor (a quaternionic structure on 
E^) , and this fact motivates the notation. Note that the anti-self-dual 't Hooft tensor 
f/j"-, also satisfies ()3.17|1 and this yields a Yang anti-monopole. As shown by Yang 
P , these are the only possibilities compatible with spherical symmetry (which is not 
manifest in the above formula for F but which will be seen to be a property of all 
gauge-invariant quantities constructed from F). 
It can be shown that 

trF'^ = (l -n^)"^ trS"^ (t. = isy dn'dnA , (3.21) 

where the exterior product of forms is implicit. It follows that trF"^ is proportional 
to the volume form on 5'^'^. For k = 2 we may use ()2.4j) . and the 't Hooft tensor 
identities 

ViijVti] = £ijki , f]%vtq = -eijki , (3.22) 

to show that 

1 —- 

± -tr F^ = (l - n^) ' dn^ A dn^ A dn^ A dn^ , (3.23) 

which is the volume form on the unit 4-sphere. As the unit 4-sphere has 4-volume 
87r^/3, we deduce that 

-^ [ trFAF = ±l, (3.24) 

and hence that the Yang monopole configuration is equivalent to an instanton or 
anti-instanton on a 4-sphere |2]. 

To conclude our discussion of the fiat-space Yang monopole, we note that if 

tr(SikSkj) = -^Mij, (3.25) 

where the constant A^ must be such that 

^ kN , , 

i:trSySy = — , (3.26) 



then 

tr (FikF"^) = ^,Sl. (3.27) 

The energy density is therefore 

S{p) ^ Too = ^tr (F.F^J) = ^ , (3.28) 

which is spherically-symmetric. It follows (for A; > 1) that the total energy within a 
radius R grows like R^^~^. For k = 2, and G = SU{2), the '?7-tensor' is the 't Hooft 
tensor and ()3.25|) is satisfied with N = 3. The total energy of the Yang-monopole 
within a radius R is therefore 

E(R) = — f^^S dp = {2TihfR . (3.29) 

3 JO 

The coefficient (271/7)^ is precisely the tension of the instanton string, so the Yang 
monopole is marginally stable against collapse to an instanton flux string, although 
(as mentioned in the introduction) it will likely be unstable if the SU{2) gauge sym- 
metry is spontaneously broken. 

4 Higher-dimensional monopoles 

For gauge group SO {2k) the '?7-tensor' relation (j3.17|) is equivalent to the so{2k) 
commutation relations 



[^ij, Sfci] = 2z [6i[jT.j]k — 6k[jTjj]ij . (4.30) 

The YM equations are therefore satisfled by A of the form (j3.15p provided that the 
k{2k — 1) matrices Sjj span the Lie algebra so(2k). In this case the constants rjlj just 
specify the linear transformation from the basis of so(2k) provided by the matrices 
Ta to the basis provided by the matrices Ej^. Let Uij be the components of A in this 
new basis: 

A = i^,,S,,- . (4.31) 

We can express these components in dyad form as 

n (in — (in n , , 

^ = , ^ /, 2 ' (4.32) 

1 + vi — ■'T- 

where n is the column 2/c- vector with components n\ and n its transposed row vector. 
This SO {2k) gauge potential satisfles the YM equations on S^^ and hence the YM 
equations on E^'^^^. In fact, this applies not only for integer k but also for half- integer 
k, in the sense that an SO(n) potential of the form ()3.15p solves the YM equation on 
E"+i for all n > 2. 

This result has a simple geometrical interpretation, which we now present. Recall 
that the potential of a Dirac monopole is the connection on the principal 5*0(2) 



bundle over a unit 2-sphere that has a 3-sphere as the total space. The metric on 
this 3-sphere takes the form {a — tu)^ + (ifi^, where a = dip is the invariant 1-form on 
the S^ fibre, in its parametrization by the angle (p, and dQ"^ is the S'0(3)-invariant 
metric on the 2-sphere base. The 5*0(2) connection u needed such that the bundle 
metric is that of the unit 3-sphere is precisely the n = 2 [k = 1) case of ()4.32|) . In 
general, the potential ()4.32j) is the connection for the principal SO {2k) bundle over 
a unit 2k-spheTe that has S0{2k + 1) as its total space. To see this^, we express 
g G SO{n + 1) as g = hk, where h G SO{n) and k is a representative of the coset 
space SO{n + 1)/ SO{n) = S^. The bi-invariant metric on SO{n + 1) is 

d/2 = l^r (g^Mg)^ = ^tr (h^Mh + dkk-i)^ , (4.33) 

where the trace is over the (n + 1) x (n -|- 1) matrices of the vector representation. 
To express this metric in the required form, we need expressions for the left-invariant 
forms h~^dh on SO{n) and the right-invariant forms dkk~^ on S"'. For the obvious 
embedding of SO{n) in SO{n + 1) we have 

h-'dh={^l o)' ^^-34) 

for left-invariant forms a on SO{n). For k we may choose 

^-^p(-b o)-("^ yi^)- (^■^=) 

where 

n= (sin|b|/|b|) b. (4.36) 

A calculation then shows that 

rtfc=(_"^ ;), c^fcfc- = (:^ ;), (4.37) 



where uj is precisely the connection of (j4.32|) . and 

{hdn 
1 — n^ + yl^^r? 



v = rfn + n ; ; (4.38) 



Thus, 



h^'dh + dkk^' = ( '^_^ ^ ) , (4.39) 



and hence the bi-invariant metric on SO{n + 1) is 



r2 !+„/_ . .\2 



dl' = -ti {a - iuy + vv , (4.40) 



"'^Here we follow Appendix B of J18j . where a Kaluza-Klein interpretation can be found. 



where the trace is now over the nxn matrices of the vector representation of SO(n). 

One finds that 

, / nn \ 

vv = t/fi 1 ^rfn, 4.41 

V 1 — n^y 

which is the metric on the unit n-sphere. 

Although this construction apphes for any n, we must distinguish between even 
n and odd n. For n = 2k with integer k the YM configuration on S'^'^ is topologically 
non-trivial because the integral of trF'^ over the 2A;-sphere is non-zero. This integral 
is a conserved magnetic charge that justifies the 'monopole' terminology. As we have 
seen, the k = 1 case yields the Dirac monopole. The k = 2 case yields a solution of 
the 5*0(4) YM equations that is a superposition of Yang monopoles in each of the 
two SU(2) factors of 5*0(4). For /c = 4 we have an "octonionic monopole" solution 
of the 5*0(8) YM equations. In contrast, the odd-sphere cases are better thought of 
as SO{n + l)-invariant instantons on E""*"^. For n = 3, the construction yields an 
5'0(4)-invariant configuration of 5*0(3) YM fields on the 3-sphere, but this is just 
the spherically-symmetric 1-instanton solution on E^. Similarly, for n = 5 we find 
an 5*0(6)-invariant instanton of the 5*0(5) YM equations on E^, and for n = 7 an 
5'0(8)-invariant instanton of the 5*0(7) YM equations on E^. The latter is presumably 
related to the "octonionic instanton" of [121 120] • 

5 Self-gravitating Yang-type monopoles 

Because a Yang-type monopole has a field-strength 2-form with components only 
on the 2A;-sphere, it can be viewed as a static solution in any {2k + 2)-dimensional 
spacetime with metric of the form ()2.9p . However, we then need to solve the Einstein 
equation for the YM source to determine the functions appearing in this metric ansatz. 
A Yang-type monopole has the spherically-symmetric (quadratic differential) stress 
tensor 

kN r n 

\fdt^ + u^dp^ - [{k - 2)/kyp^dQl^ , (5.42) 



T 



4'y'^u'^p' 



where A^ is the constant appearing in (j3.25p . In the Schwarzschild-type coordinates, 
for which the spacetime metric is (|2.8|) . we have 



T 



kN 



If we write 



A dt'^ + A-Mr^ - [{k - 2)/kydnlA . (5.43) 



2GM(r) 
A(r) = 1 - —^ , (5.44) 

for "mass function" M{r), then the Einstein equations reduce, for A = 0, to the 
ordinary differential equation^ 

dM Nit 2(k-2) ^ 2k ,^ .^\ 



^See, for example, section 6 of |21| . 



The solution is^ 

M{r) =m+ , ,^'', , r^^-"" + /."^(^^ , r^'^+i , (5.46) 

for arbitrary constant m, which has dimensions of mass. This yields 

where 

Note that /i^ < for A; = 1, in which case we should set A^ = 1; for A = we then 
have the Reissner- Nordstrom metric. We now consider in turn the subcases of zero, 
negative and positive A. 

5.1 A=0 

For A = 0, the spacetime metric is 

where P{r) is the polynomial 

P{r) = r^^^^ - /iV^'^-^ _ 2Gm . (5.50) 

When m = we have a 'pure' self-gravitating Yang-type monopole with spacetime 
metric 

ds^ = -(l-^\ de + (l - ^) dr^ + rHnl^ . (5.51) 

There is an event horizon at r = /i behind which we find a spacelike singularity at 
r = 0. This is therefore a kind of Yang- monopole black hole. Integration of ()2.1H) 
with rH{r) = \Jr^ — /i^ yields 

r = f (^ + ^) . (5.52) 

for arbitrary constant po- We see that isotropic coordinates cover only the region 
outside the horizon, as expected, but also that there are two isometric exterior regions, 
with p > Po and p < po. These regions are connected on a hypersurface of constant 
t by a 'throat' with minimum 2/c-sphere of radius p at p = po. The trF'^ flux of the 
monopole passes through this throat. Note that in the region p < po, the singularity 
of the YM field at p = corresponds to a source of the flux at r = oo. 

■^This also applies for half-integer fc, with the exception of fc = 3/2. The fc — 3/2 case was 
analysed in |22j . 



For 'impure' solutions with m ^ the horizon structure may be more complex. 
Note that the polynomial P{r) has a minimum at positive r and a maximum at 
negative r, and no other extrema. It follows that P has at most three real roots. 
Let us consider how these roots change with m, starting with m = 0, where we 
have one real postive root, one real negative root and one root at r = 0. As m 
increases from zero, the root at r = moves to negative r, where it must either stay 
as m continues to increase monotonically (since a root can cross the r = axis only 
at ?7i = 0) or disappear (by coalescence with the other negative root, which must 
also stay negative). Thus, there is a unique real positive root r = r_|_ for m > 0, 
corresponding to a non-degenerate event horizon behind which there is a spacelike 
singularity at r = 0. Moreover, r_|_ increases monotonically with m, so that matter 
falling into the 'black hole' increases the surface area of the horizon, as one would 
expect. 

However, m need not be positive. As we decrease m from zero, the zero root 
of P{r) now moves to positive r, so we now have two real positive zeros of P(r), 
corresponding to an inner (Cauchy) horizon at r = r_ and an outer (event) horizon 
at r = r_|_ > r_. As before, this state of affairs cannot change as m continues to 
decrease monotonically to ever larger negative values until the two roots r = r± 
coincide, after which there is no longer any real positive root and hence no event 
horizon. Thus, there exists a 'critical' negative value m^ of m, such that there is an 
event horizon for m > nic but a naked (timelike) singularity for m < rric. In fact. 

For rric < m < the global structure is similar to that of the Reissner-Nordstrom 
black hole. When m = rric, the inner and outer horizons coalesce to form a degenerate 
(zero surface gravity) event horizon. The global geometry is then similar to that of the 
extreme Reissner-Nordstrom spacetime, and the near-horizon limit of this 'extremal' 
self-gravitating Yang-type monopole is an adS2 x S'^'' vacuum solution. 

To illustrate these general observations, we will consider the k = 2 (Yang-monopole) 
case in more detail. In this case the polynomial P{r) is cubic, 

P(r) =r^ - /iV - 2Gm , (5.54) 

and there are no naked singularities as long as 3^/3G7n/fi^ > —1, or 

m7VVG> -(27r)i. (5.55) 

At saturation, the cubic polynomial is 

P(,.).(,..|)(.-^)\ (5.56) 

The double zero at r = fi/\/3 means that the inner and outer horizons have now 
merged to form a single degenerate horizon at r = fi/^/S. Since 

dp dr 



" (''-*)v^ 



2/j 



(5.57) 



10 



we have, near the horizon at r = fi/^/3, 

so that p — > at the horizon. Introducing the new time variable 



/^^ 



we may write the near horizon metric as 



3 



dp^ 



V"^rfA2+ — +^^4 



(5.5^ 



(5.59) 



(5.60) 



This is a metric for 0^52 x S^, and the singularity at p = is a coordinate singularity 
at the adS horizon. 

5.2 A<0 

For a 'pure' 771 = monopole, we have 



U T 



for A < 0, where 



i=^k{2k+l)\l\X\ 
is the adS radius. There is a unique non-degenerate horizon at 



v2 



(5.61) 
(5.62) 

(5.63) 



For simplicity, we shall concentrate for ra ^ on the k = 2, Yang- monopole, case, 
for which 



2Gm a 

A = 1 ^- + 



2 ^2 



(5.64) 



The horizon structure is qualitatively similar for higher k. For positive rti there is 
still a unique non-degenerate event horizon. For negative rti there is a critical mass 
vdc such that there exists both an inner and outer horizon for > m > rtic^ with a 
unique degenerate horizon when m = rric, and a naked singularity when m < rric. For 
k = 2 we have 

m^ = -rl (l + 2rl/i^) , (5.65) 

where re is the position of the degenerate horizon, given by 



lOri 



9P + 20/i2 - 3^ . 



(5.66) 



The global structure is thus similar to the A = case apart from the asymptotic 
behaviour for large r. 
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5.3 A>0 

For a 'pure' m = monopole we now have 

9 2 

U T 

^ = ^-^-^2 (5-67) 

where 

R = ^k{2k+l)\/k (5.68) 

is the de-Sitter radius (the radius of the minimal 2/i;-sphere). Now there is both an 
inner (event) and outer (cosmological) horizon for R > 2fi. These horizons coalesce 
at -R = 2/i, and for R < 2fi there is a naked singularity at r = 0. 

For 772 7^ we shall again concentrate on the k = 2 case, for which 

2Gm a^ r"^ , , 

Let us consider increasing m monotonically from zero. If there were initially two zeros 
of A then this will continue to be the case up to a maximum value of m, after which 
there is only a naked singularity. For m < there may be three horizons, an inner 
(Cauchy) horizon, an outer (event) horizon and a cosmological horizon, provided that 

R>R^='^^, (5.70) 

and in this case there will be some negative m for which the inner and outer horizons 
coalesce, yielding just two horizons, one a degenerate event horizon and the other the 
cosmological horizon. For R < Re there is only a cosmological horizon. 



6 Discussion 

We have shown that the interpretation of S0{2k + 1) as an S0{2k) bundle over 
S"^^ leads to a non-singular S0{2k + l)-invariant configuration of S0{2k) Yang-Mills 
fields on S"^^ with topological charge proportional to the integral of tr F'^ over the 2k- 
sphere. Viewed as a singular configuration on E^'^'"*"^, these are magnetic monopoles: 
k = 1 yields the Dirac monopole and k = 2 the Yang monopole; more precisely, 
a superposition of two Yang monopoles that is trivially truncated to a single Yang 
monopole. The k > 2 cases yield higher- dimensional magnetic monopoles, such as a 
k = 4 "octonionic" monopole. 

The "Yang-type" monopoles can be viewed as static spherically-symmetric solu- 
tions of the S0{2k) YM equations on (2k + 2) -dimensional Minkowski space. We 
have extended these solutions of the flat-space YM equations to a class of static 
spherically-symmetric solutions of the (2/i;-|-2)-dimensional Einstein- Yang-Mills equa- 
tions, parametrized by a mass m, for arbitrary cosmological constant A. 

When A = 0, these solutions generalise the magnetic Reissner-Nordstrom black 
hole, which is the k = 1 case. The k = 2 case is a self-gravitating version of the 
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Yang magnetic monopole, and there is an analogous solution for all higher k. All 
k > 1 solutions have infinite total energy, the energy within a radius r diverging as 
^2k-3_ In all cases, there is an event horizon for m > rric where the 'critical' value 
rric of m is negative (for k > 2). For rric < m < the global structure is similar to 
that of the Reissner- Nordstrom black hole, and the m = rric solution is similar to the 
extreme Reissner-Nordstrom black hole. Specifically, the horizon is degenerate when 
m = rric and the near-horizon solution is an adS2 x S'^'^ vacuum. For k = 1 this is 
just the Robinson-Bertotti solution of the Einstein-Maxwell equations and for k = 2 
it yields the solutions found previously by "instanton-induced compactification" [T3]. 
The k > 2 cases yield new Einstein- YM vacua. 

The similarity of the extremal self-gravitating monopoles to the extreme Reissner- 
Nordstrom black hole suggests a connection with supersymmetry. However, the total 
mass of either the Yang monopole or its higher-dimensional analogs is undefined, so it 
is hard to see how any well-defined charges given by integrals at spatial infinity could 
span a supersymmetry algebra. It is also difficult to see how Yang-type monopole 
solutions could be extended to solutions of supergravity theories. For example, 6- 
dimensional supergravity- YM theories have a 3-form field strength H that obeys 
an 'anomalous' Bianchi identity of the form dH oc trF^. It follows that H cannot 
vanish in a Yang monopole background, but no non-zero H could be compatible with 
spherical symmetry. 

For A < one finds analogous 'monopole black hole' solutions for which the 
spacetime metric is weakly asymptotically adS . It is natural to suppose that the adS 
boundary is the vacuum for some holographically dual field theory, which must be a 
non-commutative Quantum Hall type theory as a consequence of the 'magnetic' fiux 
through the 2A;-sphere of the S"^^ x 5*^ boundary. Thus, the results presented here 
potentially provide a new way to study non- commutative field theories as holographic 
duals of gravitational theories. 

Another application of our results is to wormhole solutions of the Euclidean 
Einstein- YM equations on M x S^. For A = 0, the metric is 

rfs^ = rfr^ + a\r)dnl (6.71) 

where a'^ir) = t"^ + r^ for constant tq. One may also consider Euclidean solutions of 
this type for A 7^ 0. The construction for general n is a straightforward extension of 
the n = 3 case discussed in [221 • 

We conclude with a comment on the k = 3 case. Our construction of higher- 
dimensional monopoles rests on the interpretation of S'^'^ as the homogeneous space 
S0{2k + 1)/S0{2k), which is unique (at least locally) for all integer k except k = 3. 
The group G2 acts transitively on S^, leaving invariant the round metric (see e.g. 
j21). The stabilizer is SU{3), so 

S^ ^ G2/SU{3) , (6.72) 

and this implies the existence of a G2-invariant monopole solution of the SU{3) YM 
equations on E^. The G2-synimetry of this solution is compatible with non-zero H, 
and so a self-gravitating version of it might be extendible to a membrane-monopole of 
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the heterotic string (not to be confused with the "octonionic membrane" of 

which is a solution of the equations of 10-dimensional supergravity coupled to a YM 

supermultiplet with G2 gauge group). We leave this to a future investigation. 
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